Abstract. In this paper, we study Möbius characterizations of submanifolds without umbilical points in a unit sphere S n+p (1). First of all, we proved that, for an n-dimensional (n ≥ 2) submanifold x : M → S n+p (1) without umbilical points and with vanishing Möbius form Φ, if (n − 2) Ã ≤
}
is satisfied, then, x is Möbius equivalent to an open part of either the Riemannian product S n−1 (r) × S 1 ( √ 1 − r 2 ) in S n+1 (1) , or the image of the conformal diffeomorphism σ of the standard cylinder S n−1 (1) × R in R n+1 , or the image of the conformal diffeomorphism τ of the Riemannian product S n−1 (r) × H 1 ( √ 1 + r 2 ) in H n+1 , or x is locally Möbius equivalent to the Veronese surface in S 4 (1) . When p = 1, our pinching condition is the same as in Main Theorem of Hu and Li [6] , in which they assumed that M is compact and the Möbius scalar curvature n(n − 1)R is constant. Secondly, we consider the Möbius sectional curvature of the immersion x. We obtained that, for an n-dimensional compact submanifold x : M → S n+p (1) without umbilical points and with vanishing form Φ, if the Möbius scalar curvature n(n − 1)R of the immersion x is constant and the Möbius sectional curvature K of the immersion x satisfies K ≥ 0 when p = 1 and K > 0 when p > 1. then, x is Möbius equivalent to either the Riemannian product S k (r) × S n−k ( √ 1 − r 2 ), for k = 1, 2, · · · , n − 1, in S n+1 (1) ; or x is Möbius equivalent to a compact minimal submanifold with constant scalar curvature in S n+p (1) .
Veronese surface. (1) was studied by Akivis and Goldberg [2] , Hu and Li [6] and so on.
Let x : M → S n+p (1) be an n-dimensional immersed submanifold in S n+p (1) .
We choose a local orthonormal basis {e i } for the induced metric I = dx · dx with dual basis {θ i }. Let II = ∑ and A ij are defined by formulas (2.13) and (2.14) in section 2. It was proved that Φ and A are Möbius invariants (cf. [11] ). In particular, Akivis and Goldberg [1] , [2] and Wang [11] proved that two hyper- We denote the open hemisphere in S n+p (1) whose first coordinate is positive by On the other hand, Hu and Li [6] studied a pinching problem on the squared norm of the Blaschke tensor of the immersion x and obtained the following:
submanifold without umbilical points and with vanishing Möbius form Φ in S
n+p (1) . If the Möbius scalar curvature n(n − 1)R ≥ (n−1)(n−2) n is constant and if
then, either x is Möbius equivalent to a minimal submanifold with constant scalar curvature in S n+p (1) or x is Möbius equivalent to S 1 (r) × S n−1 (
Remark 1.4. In the original statement of the theorem 1.3 of Hu and Li [6] , they did not write out the condition that M has no umbilical points. But this condition is necessary for their proof. Further, We should note that these assumptions that M is compact and the Möbius scalar curvature n(n − 1)R is constant play an important role in the proof of Theorem 1.3 of Hu and Li [6] .
In this paper, first of all, we prove the following:
submanifold without umbilical points and with vanishing Möbius form Φ, if 
where n(n − 1)R denotes the Möbius scalar curvature of the immersion
Remark 1.5. In our Main Theorem 1, we do not assume the global condition that M is compact and we do not need to assume that the Möbius scalar curvature is constant. Further, when p = 1 and (n ≥ 3) our pinching condition is the same as in Hu and Li [6] . Since Hu and Li [6] assumed that M is compact, the cases of 2 and 3 above in Main Theorem 1 do not appear in their theorem. If n = 2, since the Möbius metric g is flat, we know that R ≡ 0. Main Theorem 1 reduces to the Theorem 5.1 in [11] . (1) ; or x is Möbius equivalent to an n-dimensional compact minimal submanifold with constant scalar curvature in S n+p (1).
Preliminaries and fundamental formulas on Möbius geometry
In this section, we review the definitions of Möbius invariants and give the fundamental formulas on Möbius geometry of submanifolds in S n+p (1) , which can be found in [11] . Let R n+p+2 1 be the Lorentzian space with inner product
be an n-dimensional submanifold of S n+p (1) without umbilical points. Putting
is called Möbius position vector of x. It is easy to prove that
is a Möbius invariant which is recalled Möbius metric of the immersion x. Let ∆ denote the Laplacian on M with respect to the Möbius metric g. Defining
we can infer
where n(n − 1)R denotes the Möbius scalar curvature of the immersion x. Let
Let V be the orthogonal complement to the subspace Span{Y, N,
. Along M , we have the following orthogonal decomposition:
where V is called Möbius normal bundle of the immersion x. It is not difficult to prove that
along M . We use the following range of indices throughout this paper:
The structure equations on M with respect to the Möbius metric g can be written as follows:
where ω ij is the connection form with respect to the Möbius metric g, ω αβ is the normal connection form of 
Here Hess ij and ∇ are the Hessian matrix and the gradient with respect to the induced metric dx·dx. It was proved that
is called Möbius second fundamental
form of the immersion x, where
Hence, we have (2.16)
We define the covariant derivative of
From the structure equations (2.9), (2.10), (2.11) and (2.12), we can infer
where R ijkl and R αβij denote the curvature tensor with respect to the Möbius metric g on M and the normal curvature tensor of the normal connection.
R ijij is the Möbius scalar curvature of the immersion x : M → S n+p (1) . From (2.3) and the structure equation (2.11), we have, (cf. [11] ),
By taking exterior differentiation of (2.17) and (2.18), and defining
we have the following Ricci identities
For a matrix A = (a ij ) we denote by N (A) the square of the norm of A, i.e.,
where A t denotes the transposed matrix of A. It is obvious that
holds for any orthogonal matrix T . The following algebraic lemmas will be used in order to prove our Main Theorems.
Lemma 2.1. ([5])
. Let A and B be symmetric (n × n)-matrices. Then 
then at least one of the matrices A α must be zero. [4] and Santos [10] ). Let A and B be n×n-symmetric matrices satisfying trA = 0, trB = 0 and AB − BA = 0. Then,
Lemma 2.2. (Cheng
(2.28) tr(B 2 A) ≥ − n − 2 √ n(n − 1) (trB 2 )(trA 2 ) 1/2 ,
and the equality holds if and only if (n − 1) of the eigenvalues x i of B and the corresponding eigenvalues y
i of A satisfy |x i | = (trB 2 ) 1/2 √ n(n − 1) , x i x j ≥ 0, y i = (trA 2 ) 1/2 √ n(n − 1) .
Möbius invariants on typical examples
In this section, we shall study Möbius invariants on typical examples. These results in this section will be used in the proof of Main Theorem 1 and the results in the following proposition 3.2 will support our assumption in Main Theorem 2.
Throughout this section, we shall make the following convention on the ranges of indices:
The following Lemma 3.1 due to Li, Liu, Wang and Zhao [7] will be used 
be the standard embeddings of the unit spheres. Then, for Riemannian product
, for any 1 ≤ k ≤ n − 1 and any 0 < r < 1, we have
where R ijij denotes the Möbius sectional curvature of the plane section spanned by
is the standard embedding, we know that the second fundamental form of x has two distinct principal curvatures
with multiplicities k and n − k, respec-
Hence, the Möbius metric g of the x is given by
Since ρ 2 is constant, from (2.13) and (2.14) , we have C i = 0 and
where C i and A ij denote components of Möbius form Φ and components of the Blaschke tensor A. Hence, we infer Φ = 0 and
A as = 0, (3.10)
Thus, we have
From (2.24), we obtain
we haveÃ
Therefore, we infer
From (3.13) and (3.17), we obtain
From Lemma 3.1, (2.22), (3.9), (3.10) and (3.11), we have
This completes the proof of Proposition 3.2. 
where σ is the conformal diffeomorphism defined by (1.1) with p = 1.
is the standard cylinder, we know that the second fundamental form ofx has two distinct principal curvatures 1 and 0 with multiplicities k and n − k, respectively. Letĥ ij andĤ denote components of the second fundamental formÎI and the mean curvature ofx, respectively. Then, we haveĥ
then, the Möbius metricĝ of thex is given bŷ
Let {ê i } be an orthonormal basis for the first fundamental formÎ = dx · dx with the dual basis {θ i }. Definê 
A as = 0,
Thus, from Theorem 4.1 of Liu, Wang and Zhao [9] , we know Φ =Φ = 0 and
A as =Â as = 0, (3.32)
Thus, we infer
From (3.35) and (3.36), we obtain
From Lemma 3.1, (2.22), (3.31), (3.32) and (3.33), we have
This completes the proof of Proposition 3.4.
Remark 3.5. From (3.23) and (3.24), we know that (n − 2) Ã =
where τ is the conformal diffeomorphism defined by (1.2) with p = 1.
is the standard embedding, we know that the second fundamental form ofx has two distinct principal curvatures √ 1 + r 2 r = d and r √ 1 + r 2 with multiplicities k and n − k, respectively. Leth ij andH denote the components of the second fundamental formĪI and the mean curvature ofx, respectively. Then, we havē
By definingρ
then, the Möbius metricḡ of thex is given bȳ
Let {ē i } be an orthonormal basis for the first fundamental formĪ = dx · dx with the dual basis {θ i }. Definē 
Hence, we inferΦ = 0 and
Thus, from Theorem 4.4 of Liu, Wang and Zhao [9] , we know Φ =Φ = 0 and
A as =Ā as = 0, (3.46)
From (3.49) and (3.50), we obtain
From Lemma 3.1, (2.22), (3.45), (3.46) and (3.47), we have
This completes the proof of Proposition 3.6. 
Proofs of Main Theorems
In this section, we will prove our Main Theorems. 
Proof of Main Theorem 1. Since the Möbius form Φ =
From the definition ∆B 
From (2.16), we have 
where B α and A denote the n × n-symmetric matrices (B α ij ) and (A ij ) respectively. PuttingÃ = (Ã ij ) with
we have
From (4.5), we have
From (4.1), we know that B α A = AB α . Therefore B αÃ =ÃB α holds. From Lemma 2.2, we have 
Case (i)
where Ã 2 = Ã 2 and trA = trA are used. From the assumption (1.3) in Main Theorem 1, we know that the right hand side of formula (4.9) is nonnegative. Therefore, from (4.3) and (4.9), we obtain (4.10) B ij,k = 0, for all i, j, k and
Hence the equality in (4.9) holds. We have (4.11)
Further, the inequality (4.8) becomes equality. From Lemma 2.2, we know that
which yields that the (n − 1) of µ i 's are equal and constant. Since trB = 0 and 
, or an open part of the image of σ of the standard cylinder
or an open part of the image of τ of 
From (4.4),(4.8), (4.13), we have ∑
where Ã 2 = Ã 2 and trA = trA are used. From the assumption (1.3) in Main Theorem 1, we know that the right hand side of (4.14) is nonnegative. Therefore, from (4.3) and (4.14), we obtain B Since n(n − 1)R is constant, from (2.24), we have that trA = trA = ∑ i A ii is constant. From (2.25), (4.21), (4.22), we infer
When p > 1, from the assumption K > 0 in Main Theorem 2, by integrating (4.23), we have
Therefore, we know that 
Form (4.24) and (2.17), we have
Setting i = j in (4.26), we obtain dλ i = 0, that is, eigenvalues of (A ij ) are all constant. From (4.26), we infer that for
In the second case, we will prove that A = (A ij ) has at most three distinct eigenvalues. In fact, if we assume λ 1 < λ 2 < λ 3 < λ 4 < · · · < λ l are these distinct eigenvalues of A = (A ij ). Let λ 1 , λ 2 , λ i are the three distinct eigenvalues of A = (A ij ), we have
Hence, we have (4.29)
Hence, for r = 3, 4, · · · , l, we have λ r = λ i . This is a contradiction. Therefore, A = (A ij ) has at most three distinct eigenvalues. (2). We consider the second case that (A ij ) has two or three distinct eigenvalues. From (4.29), we know that at most three of the principal curvatures of (B ij ) are distinct. Since x has no umbilical points, we know that the distinct principal curvatures of (B ij ) is two or three.
(i) If two of the principal curvatures of (B ij ) are distinct, without lost of generality, we may assume µ 1 < µ 2 . From (2.16), we know that µ 1 and µ 2 are constant, that is, x : M → S n+1 (1) is a Möbius isoparametric hypersurface with two distinct principal curvatures in S n+1 (1) . Since x is compact, from Theorem 1.1 in the introduction, we infer that x is Möbius equivalent to the Riemannian product S k (r)×S n−k ( √ 1 − r 2 ), for k = 1, 2, · · · , n − 1.
(ii) If three of the principal curvatures of (B ij ) are distinct, without lose of generality, we may assume µ 1 < µ 2 < µ 3 
Therefore, we may infer dim M 2 = 1. In fact, if dim M 2 ≥ 2 holds, by the assumption that the Möbius sectional curvature of M is nonnegative, we have k 2 ≥ 0. This is a contradiction. Let (u, v, w) be a coordinate system for M such that u ∈ M 1 , v ∈ M 2 , w ∈ M 3 and E l = ∂ ∂v , where l = dimM 1 + 1. Then, from structure equations (2.9), (2.10), (2.11) and (2.12) and (4.31), by a direct and simple calculation, we obtain 
